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Abstract 

Unitary graphs are arc-transitive graphs with vertices the flags of Hermitian 
nnitals and edges defined by certain elements of the underlying finite fields. They 
played a significant role in a recent classification of a class of arc-transitive graphs 
that admit an automorphism group acting imprimitively on the vertices. In this 
paper we prove that all unitary graphs are connected of diameter two and girth 
three. Based on this we obtain, for any prime power q > 2, a lower bound of order 
on the maximum number of vertices in an arc-transitive graph of degree 
A = q{q‘^ — 1) and diameter two. 

Key words: Symmetric graph, arc-transitive graph, Hermitian unital, unitary 
graph, degree-diameter problem 


1 Introduction 

We study a family of arc-transitive graphs [3] associated with Hermitian nnitals. Such 
graphs are called unitary graphs |6] due to their connections with unitary groups of degree 
three over a Galois held. The vertices of a unitary graph are the hags of a Hermitian 
unital, and the adjacency relation is determined by two linear equations dehning the line- 
components of the hags involved. Unitary graphs played an important role in a recent 
classihcation |H] of a class of arc-transitive graphs that admit an automorphism group 
acting imprimitively on the vertices. (A graph is arc-transitive if its automorphism group 
is transitive on the set of ordered pairs of adjacent vertices.) With focus on combinatorial 
aspects of unitary graphs, in the present paper we prove that all unitary graphs are 
connected with large order (compared with their degrees), small diameter and small girth. 
Based on this we then obtain, for any prime power g > 2, a lower bound on the maximum 
order (number of vertices) of an arc-transitive graph of degree q{q^ — 1) and diameter two. 

The distance between two vertices in a graph is the length of a shortest path joining 
them, and cxo if there is no path between the two vertices. The diameter of a graph is 
the maximum distance between two vertices in the graph. The girth of a graph is the 
length of a shortest cycle, and cxd if the graph contains no cycle at all. Two vertices are 
neighbours of each other if they are adjacent in the graph. 
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Denote by 


'll! : X X^, X e¥q2 (1) 

the Frobenius map for the Galois held ¥g 2 , where p is a prime and g > 2 is a power of p. 
We postpone the dehnition of the unitary graph Tr^x{(l) and the PGU(3, q) x (-^'■)-invariant 
partition B of its vertex set to the next section (see Dehnition [3] and ([S]) respectively). 
The following is the hrst main result of this paper. 

Theorem 1. Let g = p® > 2 be a prime power and r >1 a divisor of2e. Let A G F *2 he 
such that belongs to the {%lj'^)-orbit on Fq 2 containing X, and let k = kr,\{q) denote the 
size of this -orbit. Then the unitary graph Tr^x{q) is connected of diameter two and 
girth three. Moreover, the following hold for F^ 

(a) any two vertices in different blocks of B have at least g^(g — 2) common neighbours; 

(b) any two vertices in the same block of B have exactly k{k — l)g common neighbours. 

Given integers A, D > 1, the well known degree-diameter problem asks for hnding 
the maximum order of a graph of maximum degree A and diameter at most D 

together with the corresponding extremal graphs. Denote by N°‘^{A,D) the maximum 
order of an arc-transitive graph of degree A and diameter at most D. Based on Theorem 
[T]we obtain the following lower bound on A“*(A, 2). 

Theorem 2. For any prime power q > 2, 

A“*(g(g2-1),2) >g2(g3 + l). (2) 

In particular, for A = g(g^ — 1), 

A“*(A, 2) > A'^/^ ^ ^ ^ ^2/3 ^ ^i/3_ ^3) 

As far as we know, these bounds are the hrst general lower bounds for the arc-transitive 
version of the degree-diameter problem, despite the fact that a huge amount of work has 
been done m on this problem for general graphs and its restrictions to several other 
graph classes (e.g. bipartite graphs, vertex-transitive graphs, Gayley graphs). The reader 
may compare ([2]) with the well known Moore bound < A^ -|- 1 (for general graphs) 
and consult [a for the state-of-the-art of the degree-diameter problem. 

The extremal graphs that prove ([2]) form a subfamily of the family of unitary graphs as 
we will see in the proof of Theorem [2l The smallest unitary graphs arise when g = p = 3, 
and in this case ([2]) gives A“*(24, 2) > 3^(3^ -|- 1) = 252. Our graphs are constructed from 
Hermitian unitals, which are well-known doubly point-transitive linear spaces. In this 
regard we would like to mention that some efforts have been made to construct graphs 
using certain hnite geometries that give good bounds for the vertex-transitive version of 
the degree-diameter problem; see [Di for example. 

We will give the dehnition of the unitary graph Tr^xiq) and related concepts in the 
next section. The proof of Theorems [1] and [2] together with some preparatory results will 
be given in Section [3l We conclude the paper with remarks on Theorem [2] and related 
questions on the order of iV“*(A, 2). 
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2 Unitary graphs 


In order to make this paper reasonably self-contained, we first gather basic dehnitions and 
results on unitary groups and Hermitian unitals. After this we will give the dehnition of 
a unitary graph. The reader is referred to [3 El [la US] for more information on unitary 
groups and Hermitian unitals, and to [5] for undehned terminology on permutation groups. 

Let q = > 2 with p a prime. The mapping a : x i—)■ is an automorphism of the 

Galois held Fg 2 . The Galois held is then the hxed held of this automorphism. Let 
V (3, be a 3-dimensional vector space over Fg 2 and /3 : V {3, q^) x V (3, —>■ Fg 2 a non¬ 

degenerate cr-Hermitian form (that is, (3 is sesquilinear such that /3(au, 6v) = a6'^/3(u, v) 
and /d(u, v) = /d(v, u)*?). The full unitary group ri7(3,g) consists of those semilinear 
transformations of H(3,g^) that induce a collineation of PG(2,g^) which commutes with 
(3. The general unitary group GU(3,g) = ri7(3,g) fl GL(3,g^) is the group of nonsingu¬ 
lar linear transformations of H(3,g^) leaving f3 invariant. The projective unitary group 
PGU(3,g) is the quotient group GU(3,g)/Z, where Z = {al : a G Fg 2 ,a'^+^ = 1} is the 
center of GU(3, g) and I the identity transformation. The special projective unitary group 
PSU(3,g) is the quotient group SU(3,g)Z/Z, where SU(3,g) is the subgroup of GU(3,g) 
consisting of linear transformations of unit determinant. PSU(3, g) is equal to PGU(3, g) 
if 3 is not a divisor of g -|- 1, and is a subgroup of PGU(3, g) of index 3 otherwise. It is 
well known that the automorphism group of PSU(3, g) is given by the semi-direct product 
PrU(3,g) := PGU(3,g) xi (V'), where -0 is the Frobenius map as dehned in ([T]). 

Ghoosing an appropriate basis for V (3, g^) allows us to identify vectors of V (3, g^) 
with their coordinates and express the corresponding Hermitian matrix of (3 by 


D = 


-10 0 
0 0 1 

0 1 0 


Thus, for ui = (xi, gi, Zi), ua = (xa, ^ 2 , ^ 2 ) e V (3, g^). 


/3(ui, ua) = -xix^ -F yizl + Ziyl 


If /5(ui,ua) = 0, then Ui and ua are called orthogonal (with respect to (3). A vector u = 
(x, g, z) G P(3, g^) is called isotropic if it is orthogonal to itself, that is, x'^+^ = yz^ -f zy^, 
and nonisotropic otherwise. Let 

^ = {{x,y,z) :x,y,ze Fq 2 ,x''+^ = yz'^ + zy^} 

be the set of 1-dimensional subspaces of V (3, g^) spanned by its isotropic vectors. Here¬ 
inafter (u) = {x,y,z) denotes the 1-dimensional subspace of H(3,g^) spanned by u = 
{x,y,z) G 1/(3, g^). The elements of X are called the absolute points. It is well known 
that |X| = g^ -|- 1, PSU(3,g) is 2-transitive on X, and PrU(3,g) leaves X invariant. 

If Ui and Ua are isotropic, then the vector subspace (ui,ua) of 1/(3, g^) spanned by 
them contains exactly g -|- 1 absolute points. The Hermitian unital Uniq) is the block 
design [S] with point set X in which a subset of X is a block (called a line) precisely when 
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it is the set of absolute points contained in some (ui,U 2 ). It is well known [niDS] that 
Uniq) is a linear space with + 1 points, — q + 1) lines, q + 1 points in each line, 
and q^ lines meeting at a point. (A linear space [2] is an incidence structure of points and 
lines such that any point is incident with at least two lines, any line with at least two 
points, and any two points are incident with exactly one line.) It was proved in [HE] 
that Avit{UH{q)) = PrU(3, q). Thus, for every G with PSU(3, q) <G < PrU(3, g), Uniq) 
is a G-doubly point-transitive linear space. This implies that G is also block-transitive 
and flag-transitive on Uniq), where a flag is an incident point-line pair. 

A line of PG(2, contains either one absolute point or g -|- 1 absolute points. In the 
latter case the set of such g -|- 1 absolute points is a line of Uniq); all lines of Uniq) are 
of this form. So we can represent a line of Uniq) by the homogenous equation of the 
corresponding line of PG(2, g^). 

Denote 

V{q) = the set of flags of Uniq)- 

Definition 3. ([B]) Let g = p® > 2 be a prime power and r > 1 a divisor of 2e. Suppose 
A G F *2 is such that belongs to the ('^’’)-orbit on ¥g 2 containing A. The unitary 
graph rr,A(g) is dehned to be the graph with vertex set V{q) such that ((oi, 6 i, ci), Li), 
((a 2 , & 2 , C 2 ), L 2 ) G V (g) are adjacent if and only if Li and L 2 are given by: 


Li : 


X QjI QjQ -|- (22 

y hi 60 + h2 

Z Cl Cq + C2 


= 0 


^2 • 


X 02 Oo + A'^P'^Oi 

y 62 bo + X'^P"bi 

Z C2 Co + A'^P’^Ci 


= 0 


(4) 

(5) 


for an integer 0 < i < 2e/r and a nonisotropic (ao,bo,co) G IA(3,g^) orthogonal to both 
(oi, hi, Cl) and ( 02 , ^ 2 , C 2 ). 

't/'f 

The requirement on A is equivalent to that A^ = A*^ for at least one integer 0 < f < 
2e/r. (But rr,A(?) is independent of the choice of t.) This ensures that Pt-,a(?) is well 
defined as an undirected graph. In fact, since r is a divisor of 2e, we have (j -|- t)r = 2e 
for some integer j. Since A = X^^"", the equations of Li and L 2 can be rewritten as 



X 

02 

Aoo + X^P"+^ai 


X 

X<iP"+Ai 

Xao + X^p'A 2 

L2-. 

y 

&2 

Xho + x^p"+A 

o' 

y 


Xho + A'^P'^a 


z 

C2 

Xco + A^P^+^ci 


z 

\^P"+^Ci 

Aco + X^p'A2 


Hence the adjacency relation of rr,A(g) is symmetric. 
Define 


krAq) 


m\ 

\{r)x 


where {A)x is the stabilizer of A in (A)- Then kr^x{q) is the size of the ('0'’)-orbit on Fg 2 
containing A, or the least integer j > 1 such that A^"^ = A. Of course KA^) is a divisor 
of 2elr. 
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Denote by B{a) the set of flags of Uh{(i) with point-entry a E X. Then 

B = {B{a) :aeX} (6) 

is a partition of V{q) into + 1 blocks each with size 

Denote by Li^ar) the unique line of Uniq) through two distinct points a, r G X. 
Denote 

cx) = (0,1,0); 0 = (0,0,1) 

L : X = z; N : y = Xx] L* : x = 0. 

Then (oo, L), (0, N) E V(q) and L* = L(cx)O). 

An arc of a graph is an ordered pair of adjacent vertices. A graph T is G-arc transitive 
if G < Aut(r) is transitive on the set of vertices of T and also transitive on the set of arcs 
of T. This is to say that any arc of T can be mapped to any other arc of T by an element 
of G, and the same statement holds for vertices. A partition V of the vertex set of T is 
G-invariant if for any block P E V and g E G the image of P under g, {a^ : a E P}, is 
a block of V, where X is the image of a under g. The quotient graph T-p is the graph 
with vertex set V such that P,Q eV are adjacent if and only if there is at least one edge 
of T between P and Q. If for any two adjacent P,Q E V, all vertices of P except only 
one have neighbours in Q in the graph T, then T is called an almost multicover [ 6 ] of Tg. 
(Since T is G-arc transitive, if all vertices of P except one have neighbours in Q, then all 
vertices of Q except one have neighbours in P, and the subgraph of T induced by P U Q 
with these two exceptional vertices deleted, is a regular bipartite graph.) 

Unitary graphs were introduced in [ 6 ] during the classihcation of a class of imprimitive 
arc-transitive graphs. A major step towards this classihcation is the following result which 
will be used in our proof of Theorem [T] 

Theorem 4. (J^) Tr^x{q) is a PGU(3, q) x {'ip^)-arc transitive graph of degree kq{q^ — 1) 
(where k = kr^\{q)) that admits B as a PGU(3, q) x {ip'^)-invariant partition such that the 
quotient graph Tr^x^q)^ is a complete graph and Pr,A(?) is an almost multicover o/Pj,,a(?)b- 
Moreover, for each pair of distinct points a,T ofUniq), (<7,-h(crr)) is the only vertex in 
B{a) that has no neighbour in B{t). 

3 Proof of Theorems [1] and [2] 

Throughout this section we denote 

P = P,,A(g); G = PGU(3,g) x {r)] k = k^M- 
We need the following two lemmas in the proof of Theorem [T] 

Lemma 5. (a) ((u 2 ),L 2 ) £ V{g) is adjacent to (oo,L) in P if and only if there exist 

0 < i < k, a E Fq 2 \ {!}, b E Fq 2 and c E F *2 with b -\- W = such that 

(i) U 2 = ( 02 , 62 , C 2 ) satisfies 02 = ac/ (1 — a), 62 = be/ (1 — a) and C 2 = c/(l — a); 
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(ii) L 2 is given by 


K,b,c ■ -cy- (A^'^a + ¥c)z = 0 . ( 7 ) 

(b) ((u2),L2) G V{q) is adjacent to (00, L*) if and only if there exist Q < i < k and 
a,b,c E F*2 with b + b’^ = such that 

(i) U2 = (02, ^25 C2) satisfies 02 = ac, 62 = be and = c; 

(ii) L2 is given by 

Mib,c- {a'^^^c-X‘^P''')x-acy + a{X‘^P'''-b^c)z = 0 . (8) 

Proof (a) Denote ui = ( 0 , 1 , 0 ). Then ((02), L2) is adjacent to {00, L) if and only if there 
exist an integer 0 < i < k and a nonisotropic uq = (ao,bo,co) G 17(3, g^) orthogonal to 
both ui and U2 such that L and L2 are given by (jlj) and ([5j) respectively. It is clear that 
(jl]) gives L : X = z if and only if C0 + C2 = 00 + 02 7^ 0 . Since Uq, ui are orthogonal, we have 
Co = 0 and so C2 = Oo + 02 7^ 0 . Using this and the assumption that uo is nonisotropic, we 
obtain oo 7^ 0 . Since Uq, U2 are orthogonal, we then have bo = 00(02/(00+02))'^. Since U2 is 
isotropic, we have (oo+ 02)^&2 + (ao+02)^2 = ■ Setting o = 02/(00+02), b = 62/(00+02) 

and c = oo, we have o G Fq2 \ {!}, c G F*2, 6 + 6^ = 02 = ac/ (1 — o), 62 = be/ (1 — o) 

and C2 = c/(l — o). One can check that L2 given by ([5]) is exactly as shown in ([7j). 
Conversely, if these conditions are satished, then ((u2),L2) is adjacent to (00, L). 

(b) Let ui = ( 0 , 1 , 0 ). Then ((U2), +2) is adjacent to (00, L*) if and only if there exist 
an integer 0 < z < fc and a nonisotropic Uo = (oo, 60! Co) G U(3, q^) orthogonal to both Ui 
and U2 such that L* and +2 are given by (jl]) and (| 1 ]) respectively. Since uq and ui are 
orthogonal, we have Co = 0 . Since uq is nonisotropic, we then have Oq 7^ 0 . One can see 
that (jlD becomes C2X — (oo + 02)2; = 0 , which gives L* if and only if C2 7^ 0 and Oq = —02. 
Since uq and U2 are orthogonal, we have —aoal + boc^ = 0 and so bo = /cl- Since 

U2 is isotropic, we have —(02/02)^’'“^ + (62/C2) + (62/c2)'^ = 0 . Set a = 02/02, b = 62/C2 and 
c = C2. Then a, 6, c 7^ 0 , 6 + 6^ = U2 = (ac, be, c), and ([ 5 ]) can be simplified to give 

dSl). □ 


It is known that every line of Uniq) through 0 other than L* is of the form: 

N{ri) : y = rjx, where rj G F* 2 . 

Lemma 6 . (a) ((u2),L2) G V{q) is adjacent to {0,N{r])) if and only if there exist 

0 < i < k, f E Fq 2 \ {!}, g G Fq 2 and h E F *2 with rj'^g + rjg'^ = f^^^, such that 

(i) U2 = {a2,b2,C2) satisfies 02 = fh/{l-f),b2 =r]h/{l-f) and C2 = gh/{l-f); 

(ii) +2 is given by 

LW,.,.h ■ n" + /“ft) - (a’*’*'/;’-'/ + j»a) y - nViz = O. (9) 

(b) ((u2),L2) G V{q) is adjacent to (0,L*) if and only if there exist 0 < i < k and 
f,g,hE F*2 with g + g‘^ = such that 
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(i) U 2 = ( 02 , ^25 C 2 ) satisfies 02 = fh, b 2 = h and C 2 = gh; 

(ii) L 2 is given by 

K},g,h ■■ - g^h)y + fhz = 0. (10) 

Proof (a) Denote Ui = ( 0 , 0 , 1 ). Then ((02), L2) is adjacent to (0,iV(?7)) if and only if 
there exist an integer 0 < z < /c and a nonisotropic uq = (oq, &0) Cq) G P( 3 , q^) orthogonal 
to both ui and U2 such that Nirf) and L2 are given by (jl]) and ([ 5 ]) respectively. Since 
uq, Ui are orthogonal, we have bo = 0 . Using this and the fact that uq is nonisotropic, 
we get oo 7^ 0 . One can see that (jl]) becomes b2X — (oq + a2)y = 0 , which gives N{ri) 
if and only if oq + 02 7^ 0 and 62 = h(®o + 0,2)- Since uq, U2 are orthogonal, we have 
—aoal + Gobi = 0 and hence Cq = 00(02/^2)'^ = 00(02/(00 + 0,2 ))^Since U2 is isotropic, 
we have rj{ao + a2)c\ + g'^{ao + a2Yc2 = al^^. Setting / = 02/(00 + 02), g = 02/(09 + 02) and 
h = Oo, we have / G Fq2\{l}, h G F*2, g'^g + gg'^ = /''+^ 02 = /h/(l-/), &2 = gh/{l-f), 
C2 = gh/{l — /), and +2 given by (jSj) is exactly in (| 9 ]). 

(b) Let Uq and Ui be as above. As in (a), we have &o = 0 and oq 7^ 0. One can see that 
dl]) becomes b2X— (00 + 02)2/ = 0, which gives L* if and only if oo = —02 and 62 7^ 0. Since 
uo, U2 are orthogonal, we have Cq = 00(02/^2)'^ = —02^V^2- / = O2/&2, g = C2/&2 and 

h = &2- Then f,g,hE F*2 and g + g'^ = since U2 = {fh, h, gh) is isotropic. Now +2 
given by (jl]) is exactly K}^g^h HTUj) . □ 

For G U(g), denote 

r(cr, M) = neighbourhood of (a, M) in T. 

In other words, r(cT, M) is the set of vertices of T adjacent to {a,M). Note that L = 
L(A'^)oo,A'J) ^ = -A^o.o,! = N{X'^) and in general Nqq ^^ = A^(A^^"). Lemmas [5](a) and[6](a) 
imply: 

Corollary 7. ITe have 

r(cx), L) n 5(0) = {(0, : 0 < z < A:}. 

r(0, N) n 5(CX)) = {(CX), L(A'?)*,o,a.) : 0 < z < fc}. 

In particular, ( 00 , L) and (0, A^) are adjacent in T. Moreover, for distinct a,T E X, any 
vertex {cr,M) G B{a) other than (a, L((jr)) has exactly k neighbours in B{t). 

The last statement follows from the fact that |r(cxo,L) fl 5(0)| = k, G is 2-transitive 
on X, and Goo,o is transitive on 5(0) \ {(0, L*)}. Here and in the following G^op denotes 
the point-wise stabilizer of { 00 , 0} in G, that is, the subgroup of G consisting of those 
elements of G which £x both 00 and 0. 

Proof of Theorem [1] The statements in (a)-(b) can be restated as follows. 

(a) |r((T, M) n r(r, iF)| > g^(g — 2), for any distinct a, r G X and any (cr, M) G 
5(a),(r,X)G5(r); 
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(b) |r((j, Ni) n r(cr, A^" 2 )| > k{k — l)q, for any a E X and (a, Ni), (a, N 2 ) E B(a) with 
N, ^ N 2 . 

Proof of (a): Since G is 2-transitive on X, it snffices to prove (a) for a = 00 and 
r = 0. Noting that L(ooO) = L*, we have three possibilities to consider. 

Case 1: M,K ^ L*. 

Since T is G-arc transitive and { 00 , L*) is the only vertex of B{oo) not adjacent to 
any vertex of i?(0) (Theorem 0]), Goo,o is transitive on B{oo) \ {(cxo, L*)}. So it snffices to 
prove |r(cxo, L) n r(0, N{ri))\ > q^{q — 2) for any 7] E F *2 in this case. 

By Lemmas [5](a) and[6](a), a vertex ((u 2 ),L 2 ) E V{q) is adjacent to both (00, L) and 
(0,A^(?7)) if and only if there exist 0 < i,j < k, a, f E Fq 2 \ {l},b,g E ¥q 2 ,c,h E F *2 
with b + and rj'^g + gg'^ = snch that 02 = ac/(l — a) = fh/{l — f),b 2 = 

bc/{l - a) = gh/{l - /), cs = c/(l - a) = gh/{l - f) and L 2 = From 

these relations we have f = ga/b, g = g/b, h = c{b — ga)/g{l — a). Thns the equation of 
g h given in ([9]) becomes 

_|_ a'^cd)x — + cd)y — Wcdz = 0, where d = (b — ga)/g{l — a). 

This equation gives (see ([7j)) if and only if -l-cd) = + 

a^cd) (which implies 6 7 ^ 0 as c, h 7 ^ 0 ) and + a‘^c)b‘^cd = (A^P*’^a-|- 6 '^c)(A'^^'’'^ 6 '^-|-a^C(i), 

or equivalently 

+ 529-1 j ^ _ _yiP^aW-\ ( 11 ) 

Since b^ = — b, the coefficient of c here is equal to zero if and only if b satishes 

a quadratic equation, which has at most two solutions. Since for any 0 < i,j < k 
and a E Fq 2 \ {1}, the equation b + W = about b has q > 2 solutions, there are 
at least g — 2 > 1 values of b that satisfy b + X = and 7 ^ 0 . 

Each such tuple {i,j,ci,b) determines a unique c via flTTD and hence a unique common 
neighour of (00, L) and ( 0 ,iV(r 7 )). Moreover, since (U 2 ) = (a, 6,1), for different pairs 
(a, b) the vertices ((U 2 ), L 2 ) belong to different blocks of B and so are distinct. Therefore, 
|r(oo,L)nr( 0 ,iV(r 7 ))| >g2(g-2). 

Case 2: M = L* but K ^ L*. 

It suffices to prove |r(cxo,L*) fl r( 0 ,iV( 77 ))| > g^(g — 2) for any g E ¥* 2 - By Lemmas 
El^b) and[n](a), a vertex ((u 2 ),L 2 ) E V{q) is adjacent to both ( 00 , L*) and {0,N{g)) if and 
only if there exist 0 < i,j < k, a,b,c E F *2 with b + X = and / G Fq 2 \ {l},g G 
¥g 2 ,h E ¥*2 with g'^g + gg'^ = such that 02 = ac = fh /(1 — /), 62 = 6 c = gh /(1 — /), 

C 2 = c = gh/{l — f) and L 2 = = L^gYjgf^. From these relations we have / = ga/b 

(which implies ga Y b as f Y 9 = v/b and h = c{b — ga)/g. Plugging these into ([9j), 
the equation of L(? 7 )j^^ becomes 

{^X^^X + Xcd)x — {^X^^aX~^ + cd)y — Xcdz = 0 , where d = (b — ga)/g. 
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This equation gives (see ([H])) if and only if (a'^+^c — a¥ ^ + cd) = 

+ a^cd) and —b^cd{a^'^^c — + a'^cd), that is, 

c = X^iP'^aW-K 

The remaining proof is similar to Case 1 above. 

Case 3 : M = K = L*. 

In this case we are required to prove |r(cxo,L*) fl r( 0 ,L*)| > q‘^{q — 2 ). By Lemmas 
[ 5 ](b) and[6](b), a vertex ((u2),L2) G V{q) is adjacent to both (oo,L*) and ( 0 ,L*) if and 
only if there exist 0 < i,j < k, a, b, c, f,g,h G F*2 with b + b'^ = and g + g‘^ = 
such that 02 = ac = /h, b2 = be = h, C2 = c = gh and L2 = Tf*= Kj g f^. From these 
relations we have / = a/b,g = 1/6 and h = be. Plugging these into flTOll . the equation of 
Kj g ^ becomes 

- a‘^+^e)x - aiX'^P'"b'^-^ - e)y + a¥ez = 0. 

This is identical to M* (see ([H])) if and only if (a'^+^c—c) = ae{X‘^^^b^ — 
a^+^c) and aeab^e = a{X‘^^" — b‘^e)a{X‘^^^^b^~^ — c), that is, 

529-1 j ^ ^ 

The rest of the proof is similar to Case 1 above. 

Proof of (h): Since T is G-vertex transitive, it suffices to prove |r( 0 , Ni) nr( 0 , iV2)| = 
k{k — l)q for distinct ( 0 , A^i), ( 0 , N2) G 5 ( 0 ). 

Consider ( 0 ,iV( 77 i)), ( 0 ,iV(r 72 )) G 5 ( 0 ) \ {( 0 ,L*)} first, where 171,172 G F*2 are distinct. 
By Lemma [S](a), a vertex ((u2),L2) G V{q) is in both r( 0 , A^(i7i)) and r( 0 , A^(i72)) if and 
only if there exist 0 <i,j < k, ft e ¥q2 \ { 1 }, gt G ¥q2 and ht G F*2 with 'nfgt + Vtg! = ft^^ 
such that U2 = (02, 62, C2) satishes 02 = ftht/ (1 - ft), 62 = Vtht /(1 - ft) and C2 = gtht/ (1 - 
ft), for t = 1,2, and L2 = L(i7i)}^^3^ = L{g2)%^g^^h2- /a = {V2/vi)fi, ^2 = iV2/vi)gi 

and 6-2 = 6-1(171 - g2fi)/{V2 - V2fi)- Note that /2 7^ 1 implies /i 7^ 171/172- Using these 
relations, the equation of L(172)^2 g^ (see ([ 9 ])) can be simplihed to 

(j. mjzVMl + fpP x-f A’P",,;-Vi • ~ ’'/* + slhi) V - rflhiz = 0 . 

V 6i - 62/1 /V 61 - 62/1 / 

This gives the equation of LirfiY^^ g^ t^^ (see ([ 9 ])) if and only if (172 — g2fi)/{vi — ^2/1) = 
or equivalently 

-172 

5 x<i(p"-P^'')g 2 - V 2 

Here we note that 7^ 1 for 0 < i 7^ j < 6. Since 171 7^ 172, the right-hand side of 

this expression is neither 1 nor 171/172. Thus there are k{k — 1 ) possible choices of fi, and 
each of them corresponds to exactly q values of 771 by gfgi -|- 17177^ = It follows that 

|r(o,iV(i7i))nr(o,iV(i72))| = 6(6-i)g. 
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It remains to prove |r( 0 ,L*) fl r( 0 , A^(?7))| = k{k — l)q for any r] G F*2. By Lemma 
El a vertex ((u2),L2) G V{q) is in both r( 0 ,L*) and r( 0 , A^(?7)) if and only if there exist 
0 < i,j < k, hi G F*2 with gi + gf = and /a G Fg2 \ { 11 , 5-2 e Fq2, ha G F*2 

with ri‘^g2 + V92 = /2"^^ such that U2 = (02, ^2, Ca) satisfies Oa = fihi = /aha/(1 - /a), 62 = 
hi = gh2/{l - /a) and ca = 51^1 = ^2^27(1 - /a), and La = 

/2 = h/u 92 = 99 U h2 = hi(l - gfi)/g, and so fi ^ 1 /g as /a 7^ 1 . Using these relations 
and (E]), the equation of can be simplihed to 

^ y += 0 - 

One can see that this gives (see ffTOjl l if and only if 

.q(pir_pjr-^ 

f — _ _ 

- l)g' 

Note that the right-hand side of this equation is neither 0 nor 1 /g. Similarly as in the 
previous paragraph, we obtain |r( 0 , L*) fl r( 0 , iV(?7))| = k{k — l)q. 

So far we have completed the proof of (a) and (b). 

Note that T is not a complete graph since, for example, (00, L*) and ( 0 , L*) are not 
adjacent. Since g > 2 , by (a) the distance in T between any two nonadjacent vertices is 
equal to two. So T has diameter two. Since ( 0 , N) and (00, L) are adjacent by Corollary 
[ 7 ] and they have at least one common neighbour by (a), L has girth three. □ 

Proof of Theorem [ 2 ] Let q = > 2 . Choose r = e and A G F*. It is trivial that 

(= AU) is in the ('/'’)-orbit containing A. Hence re^A(g) is well-defined, and is connected 
of diameter two by Theorem [T] The assumption A G F* ensures A'^ = A and so ke,\{q) = 1 . 
Thus, by Theorem 01 re,A(g) has order -|- 1 ) and degree q{q^ — 1 ). From this ([ 2 ]) 
follows immediately. 

Now for A = g(g^ — 1 ) we have q > Thus q^{q^ -|- 1 ) = g^(A -|- g -|- 1 ) = 

Ag2 _|_ g3 _j_ q,2 _ _j_ _j_ g2 _|_ g, ^ ^j'^2/3 -j-1) -|- -\- /S}/^ as claimed in ([21). □ 

4 Remarks 

In the case when D = 2 , the well known Moore bound HU gives A(A, 2 ) < A^ -H 1 for any 
A. The equality holds only when A = 1 , 2 , 3, 7 and possibly 57 , and for all other A we 
have A(A, 2) < A^ - 1 (see [TT]L It is known | 1 ] that iV(A, 2 ) > A^ — A -|- 1 for every A 
such that A — 1 is a prime. It is proved in [ 10 ] that the counterpart A"*(A, 2) of A“*(A, 2) 
for vertex-transitive graphs satishes A’^*(A, 2) > 8(A-|- (l/ 2))^/9 if A = (3g —1)/2, where 
g is a prime power congruent to 1 modulo 4 . This bound came with the discovery [101 of 
an inhnite family of vertex-transitive graphs Hg (now well known as the McKay-Miller- 
Sirah graphs) with degree A = (3g — l)/2 and order 8(A -|- (l/ 2 ))^/ 9 . Since, as implied 
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in [71 Definition 11, Lemma 17], such extremal graphs cannot be arc-transitive except for 
the Hoffman-Singleton graph the same bound may not apply to iV“^(A, 2). 

In view of (E]) and the comments above, it is natural to ask whether there exist inhnitely 
many A > 3 such that A“*(A,2) > cA^ for some constant c > 0. One may also ask 
whether there exists a constant c > 0 such that A“*(A, 2) > cA^ for all A > 3. However, 
this would not make much sense unless the same question for A'“*(A, 2) has an affirmative 
answer which, to the best of our knowledge, is unknown at present. 
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